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Abstract 

Let F^^~^P{c) be an (n + p)-diniensional simply connected space form with nonneg- 
ative constant curvature c. We prove that if M'^{n > 4) is a compact submanifold in 
F"+P(c), and if Ricm > {n — 2){c + H^), where H is the mean curvature of M, then 
M is homeomorphic to a sphere. We also show that the pinching condition above is 
sharp. Moreover, we obtain a new differentiable sphere theorem for submanifolds with 
positive Ricci curvature. 



1 Introduction 

The investigation of curvature and topology of Riemannian manifolds and submanifolds 
is one of the main stream in global differential geometry. In 1951, Ranch first proved a 
topological sphere theorem for positive pinched compact manifolds. During the past sixty 
years, there are many progresses on sphere theorems for Riemannian manifolds and sub- 
manifolds O [SI m [I2l [I3l [H] . Recently Bohm and Wilking [3] proved that every manifold 
with 2-positive curvature operator must be diffeomorphic to a space form. More recently, 
Brendle and Schoen [6j proved the remarkable differentiable sphere theorem for manifolds 
with pointwise 1/4-pinched curvatures. Moreover, Brendle and Schoen [7] obtained a differ- 
entiable rigidity theorem for compact manifolds with weakly 1 /4-pinched curvatures in the 
pointwise sense. The following important convergence result for the normalized Ricci flow 
in higher dimensions, initiated by Brendle and Schoen [6j, was finally verified by Brendle [1]. 

Theorem A. Let (M, (70) be a compact Riemannian manifold of dimension n{> 4). Assume 
that 

-R1313 + A i?l414 + -R2323 + A i?2424 — 2Aiii234 > 

for all orthonormal four-frames {61,62,63,64} and all A G [—1,1]. Then the normalized 
Ricci flow with initial metric go 

d 2 
—g{t) = -2RiCgit) + -rgit)9{t) 
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exists for all time and converges to a constant curvature metric as t —)• cxd. Here rg(^i^ de- 
notes the mean value of the scalar curvature of g{t). 



Let M" be an n(> 2)-dimensional submanifold in an (n + p)-dimensional Riemannian 
manifold N"'~^P. Denote by H and S the mean curvature and the squared length of the sec- 
ond fundamental form of M, respectively. After the pioneering rigidity theorem for minimal 
submanifolds in a sphere due to Simons [21j, Lawson [15] and Chern-do Carmo-Kobayashi 
[9], Yau [31] and Ejiri [TU] obtained three important rigidity theorems for oriented compact 
minimal submanifolds in S"'~^^. In 1990, the first named author j25j proved the following 
generalized Simons-Lawson-Chern-do Carmo-Kobayashi theorem for compact submanifolds 
with parallel mean curvature in a sphere. 

Theorem B. Let M be an n-dimensional oriented compact submanifold with parallel mean 
curvature in an {n + p)- dimensional unit sphere S"'~^'^. If S < C{n,p, H), then M is either 
a totally umbilic sphere S^{-^^=^), a Clifford hypersurface in an (n -|- 1) -sphere, or the 

Veronese surface in ( ^/jqrg f ) ■ ^ere the constant C{n,p,H) is defined by 



a{n,H), for p = 1, or p = 2 and H ^0, 



C{n,p,H) 



n 



2- 



1 5 



for p >2 and H = 0, 



mm ^a{n, H), ^^^^ + nH'^y foip>3andH^0, 



^ ' ^ 2(n- 1) 2(n- 1) ^ ^ ^ 

Later, the above pinching constant C{n,p,H) was improved, by Li-Li [17J for H = 
and by Xu [26j for H ^ 0, to 

{a(n, H), for p = 1, or p = 2 and H 0, 

min < a{n, H), i(2n + 5nH'^) >, otherwise. 

Using nonexistence for stable currents on compact submanifolds of a sphere and the 
generalized Poincare conjecture in dimension n(> 5) verified by Smale, Lawson and Simons 
[16] proved that if M"'(n > 5) is an oriented compact submanifold in 5"""^^, and if < 
2y/n — 1, then M is homeomorphic to a sphere. Let F^^^{c) be an (n -|- p)-dimensional 
simply connected space form with nonnegative constant curvature c. Putting 

,3 



a(n, H, c)=nc+ - '^^^ ^n'^m + A{n - l)cm, 

2[n — 1) 2{n — Ij 

we have mmn a{n, H, c) = 2\/n — Ic. Motivated by the rigidity theorem above, Shiohama 
and Xu [20] improved Lawson-Simons' result and proved the optimal sphere theorem. 



Theorem C. Let M'^[n > 4) be an oriented complete submanifold in F^^^{c) with c > 0. 
Suppose that supjy^(S' — a{n,H,c)) < 0. Then M is homeomorphic to a sphere. 

The study of differentiable pinching problem for submanifolds was initiated by Xu and 
Zhao [30]. Making use of the convergence results of Hamilton and Brendle for Ricci fiow 
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and the Lawson-Simons formula for the nonexistence of stable currents, Gu and Xu [HI [27] 
proved the following differentiable sphere theorem for submanifolds in space forms. 



Theorem D. Let M be an n{> A) -dimensional oriented complete submanifold in F^~^p{c) 

n-l ' 



with c > 0. Assume that S <2c + ^Jrn-, where c + H'^ > 0. We have 



(i) If c = 0, then M is either diffeomorphic to 5", M", or locally isometric to S*" -"^(r) x M. 

[ii) If M is compact, then M is diffeomorphic to . 

When M is compact and c = 0, Andrews-Baker [Ij obtained the same sphere theorem 
by the convergence result for mean curvature flow independently. 

Recently, Xu and Gu [28j proved the following generalized Ejiri rigidity theorem for 
compact submanifolds with parallel mean curvature in space forms. 

Theorem E. Let M be an n{> 3) -dimensional oriented compact submanifold with par- 
allel mean curvature in F''^~^^{c) with c + > 0. If 

RicM > in-2){c + H"^), 

then M is either a totally umbilic sphere a Clifford hypersurface S"^ ( ^ 



I X 



S"^{--^=^=) in the totally umbilic sphere S"+^( ^^^^J with n = 2m, or CP^{ j{c + H'^)) 

in S'''(--^=i=). Here CP^(|(c + H"^)) denotes the 2-dimensional complex projective space 
minimally immersed in S"^ {^j=^) with constant holomorphic sectional curvature |(c+-fr^). 

The purposes of the present paper is to investigate rigidity of topological and differen- 
tiable structures of compact submanifolds. Our paper is organized as follows. Some nota- 
tions and lemmas are prepared in Section 2. In Section 3, we prove that if M is an n(> 4)- 
dimensional compact submanifold in F"'^P{c) with c > 0, and if Ricm > (n — 2)(c + H^), 
then M is homeomorphic to a sphere. We then give an example to show that the pinch- 
ing condition above is sharp. Moreover, we obtain a new differentiable sphere theorem for 
compact submanifolds with positive Ricci curvature in a space form. 



2 Notations and lemmas 

Throughout this paper let M" be an n-dimensional compact submanifold in an (n + p)- 
dimensional Riemannian manifold A^"+P. We shall make use of the following convention on 
the range of indices: 

1<A, B,C,---<n + p, 1 < i,j,k, - ■ ■ < n, n + 1 < a, /3, 7, • • • < n + p. 

For an arbitrary fixed point x £ M C N, we choose an orthonormal local frame field {e^} 
in A^"-+P such that e^'s are tangent to M. Denote by {uja} the dual frame field of {ca}- 
Let Rm, h and ^ be the Riemannian curvature tensor, second fundamental form and mean 



3 



curvature vector of M respectively, and Rm the Riemannian curvature tensor of N . Then 

i,j,k,l 

Rm = ^ RabCD^A^ ^ ^ ^D, 
A,B,C,D 



a,i,j a,i 

Rijki = Rijki + ^ {Kk^'ji - Ki^'jk) 1 (2-1) 

a 

Ram = Rem + Y^^Kk^^i " ^i^i)- (2-2) 



We define 



S=\h\\ H=\il F, = (/lg)nxn. 

Denote by Ric{u) the Ricci curvature of M in direction of it G UM. Prom the Gauss 
equation, we have 

Ric{ei) = Rm + E [^'^h'jJ - (^S)'] • (2.3) 

Set Ricm\yi{x) = min^g [/^ Af ffic(n). Denote by K{t[) the sectional curvature of M for 
tangent 2-plane 7r(c T^M) at point x G M, K{7r) the sectional curvature of N for tangent 
2-plane 7r(c T^N) at point x £ N. Set i^min := min^cT^Ar -ftr(7r), i^max := max^cr^A^ K{tt). 
Then by Berger's inequality, we have 

\RaBCd\ < ^(^max " ^min) (2.4) 

for all distinct indices A, B, C, D. 

When the ambient manifold A^^+P is the complete and simply connected space form 
i<'"+P(c) with constant curvature c, we have 

Rabcd = c{6acSbd - SadSbc)- (2.5) 

Then the scalar curvature of M is given by 

R = n{n-l)c + n'^H^ - S. (2.6) 

The nonexistence theorem for stable currents in a compact Riemannian manifold M iso- 
metrically immersed into F'^~^p{c) is employed to eliminate the homology groups Hq{M;Z) 
for < g' < n, which was initiated by Lawson-Simons [16j and extended by Xin )24j . 

Theorem 2.1. Let M" be a compact submanifold in F^~^^[c) with c > 0. Assume that 

n q 

E E[2|^(^*' "^fc)!^ ~ {Hei,ei), h{ek,ek))] < q{n - q)c 

k=q+l 1=1 

holds for any orthonormal basis {ci} of T^M at any point x G M , where q is an inte- 
ger satisfying < q < n. Then there does not exist any stable q-currents. Moreover, 
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Hg{M;Z) = Hn-q{M;Z) = 0, and 7ri(M) = when q = I. Here Hi{M;Z) is the i-th 
homology group of M with integer coefficients. 

To prove the sphere theorems for submanifolds, we need to ehminate the fundamental 
group ■Ki{M) under the Ricci curvature pinching condition, and get the following lemma. 

Lemma 2.1. Let M he an n{> dimensional compact submanifold in F"^p(c) with 
c> 0. If the Ricci curvature of M satisfies 

T-.- n(n — 1) , ^^n, 

RiCM > ^ , ^' {c + H^), 
n + I 

then Hi{M; Z) = i7„„i(M; Z) = 0, and tti{M) = 0. 

Proof. From (|2.6p and the assumption, we have 

^ _ ^ Mn-l) 
n + 2 

This together with (j2.3p implies that 

n 

^[2|/i(ei,efc)p - (/i(ei,ei),/i(efc,efc))] 

k=2 

n n 

a k=2 a k=2 

n 

= Y.T.(h?kf - R^cie^) + (n - l)c 

a k=2 

< ^{S - nH^) - Ric{ei) + {n - l)c 

nin — 1) , 9, nin — 1) , qx . 

< _^' {c + H^)- ^ ' {c + H^) + {n-l)c 
n + 2 n + 2 

= (n-l)c. (2.7) 

This together with Theorem 2.1 implies that Hi{M]Z) = Hn-i{M; Z) = 0, and 7ri(M) = 0. 
This proves Lemma 2.1. 



3 Sphere theorems for submanifolds 

In this section, we investigate rigidity of topological and differentiable structures of com- 
pact submanifolds in space forms. Motivated by Theorem E, we first prove the following 
topological sphere theorem for compact submanifolds in space forms. 

Theorem 3.1. Let M he an n{> A) -dimensional compact suhmanifold in F'^~^P(c) with 
c > 0. // 

RicM > in-2){c + H^), 
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then M is homeomorphic to a sphere. 



Proof. Assume that 2 < q < S . Setting 



trH^ 



n 



we have Zla ~ ^^'^ 

Ric{ei) = (n - l)c + ^ [nT^hZ - - Y,{h% 



Then we get 



n q 

fc=g+l i=l 

n q n q 

a k=q+l i=l a k=q+l i=l 

n q q q 

= E [2 E Y.m' - ( E ^".) - E ^".) 

a k=q+l i=l i=l i=l 

n q q q 

^ E[2 E E(^?fc)'-"^"E^^+«E(^"^)'. 

01 k=q-\-'V 1=1 1=1 j=l 

< g X[(« - l)c - Ric{ei)] + n(g - 1) ^ E ^"^^^ 

j=l a i=l 

< q\n-l){c + H^)-Ric^in] 
-q{n - q)H'' + n(g - 1) ^ E ^-^^i ' 

a i=l 

< q{n-q)[in-l)ic + H^)-RiCr^i^] 
-q{n - q)H'' + n(g - 1) ^ E ^"(^^^ " ^")- 



a i=l 



On the other hand, we obtain 

n q 



E Et^l^^^'' ~ {h{ei,ei), h{ek,ek))] 

k=q+l i=l 

n q q q 

= E[2 E E(^a)'-^(E'^?.)H"-E^?0 



a k=q+l i=l 



i=l 



i=l 



n n 

li E Kk){trH^- E htk) 



k=q+\ 



k=q+l 



n q q , ^ q 

a k=q+l i=l i=l i=l 

n / N n 

k=q+l k=q+l 

a i=l 

< q{n-q)[{n-l){c + H^)-Ric^in] 

-q{n - q)H' _ (n - 2g) ^ ^ T^{hZ - T^). (3.3) 



a i=l 

It follows from p.2p . ()3.3p and the assumption that 

n g 



E E[^l^('^*''^'=)l^ ~ {h{ei,ei),h{ek,ek))] 

k=q+l i=l 

^ ? ~ \ - g)[(n - l)(c + ff^) - ffic^in] 

-(?(n - + n(g - 1) ^ r„(/is - r„)} 

a i=l 

g(n — 2) I 

q 

-q{n - q)H^ _ (n - 2g) ^ T^{hl - T^)] 

a i=l 

= q{n - q)[{n - l)(c + H^) - Ric^in] - q{n - q)H^ 

< q{n - q)c. (3.4) 

This together with Theorem 2.1 implies that 

Hq{M-Z)=Hn-q{M-Z)=Q, 

for all 2 < g < §. 

Since (n — 2)(c + H"^) > "^"^^^^ (c + -ff^), we get from the assumption and Lemma 2.1 
that 

Hi{M;Z)=Hn-i{M;Z)=0, 

and M is simply connected. 

From above discussion, we know that M is a homotopy sphere. This together with the 
generalized Paincare conjecture implies that M is a topological sphere. This completes the 
proof of Theorem 3.1. 

Theorem 3.1 improves the sphere theorem due to Vlachos [23] and Hu-Zhai |14] . The 
following example shows that our pinching condition in Theorem 3.1 is sharp. 
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Example 3.1. (i) Let M := Cp2(|(c + H'^)) C 5'^( ^^|^J , where H is a nonnegative 

constant. Then M is a compact minimal submanifold in S"^ {—f=^){c F^~^'P{c)) with 

RicM = 2(c + H^). Hence M is a compact submanifold in F'^~^p(c) with constant mean 
curvature H. It is not a topological sphere. 

(ii) Let M := S'^j , ^ ) x S"^( , ^ ) c 5"+i(^=i=^) with n = 2m > 4, where 

is a nonnegative constant. Then M is a compact minimal submanifold in S'"+^(--^=^)(c 

F"+P(c)) with iJicM = (n — 2)(c + Hence M is a compact submanifold in F"+p(c) 

with constant mean curvature H. It is not a topological sphere. 

In the next, we investigate differentiable pinching problem on compact submanifolds in 
a Riemannian manifold, and obtain the following theorem. 

Theorem 3.2. Let {M^go) he an n{> 4) -dimensional compact submanifold in an (n +p)- 
dimensional Riemannian manifold A^"^^. // the Ricci curvature of M satisfies 

-3^2 - 9n + 



RicM > 



-K K 



n{n-3) 2 
n-2 



3(n-2) 3(n-2)' 

then the normalized Ricci flow with initial metric go 

d 2 
—g{t) = -2RiCgit) + -rg(t)g{t), 

exists for all time and converges to a constant curvature metric as t ^ oo. Moreover, M 
is diffeomorphic to a spherical space form. In particular, if M is simply connected, then M 
is diffeomorphic to 5". 

Proof. Set Ta = ^trHa- Then J2a = ^^ and 



KiKi = -m + h1^-2T^f-{hZ-T^f-{h'f^-T^ 



tf^j] 2^^'"** ' '"n "^aj vti ^aj yjj 

+T^{hl - Ta) + r,(/i" - Ta) + Tl (3.5) 



We rewrite (|2.3p as 

Ric{ei) = Y.Rijij + in-lW + {n-2)Y,Ta{hl-T^) 

j a 

-Y^ihZ-T^f- ^^(/ig)^ (3.6) 

This implies that 

-Y,{hft-T^f > RiCrain-{n-l){K,^^^ + H^) 

a 

-{n-2)Y,To.{Ki-T.)+Y.{K,)\ (3.7) 



and 



Y,Ta{.Ki - To) > ^^[Ric^in -{n- l)(K^ax + H% (3.8) 
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Suppose {ei, 62, 63, 64} is an orthonormal four-frame and A G M. 
From dilD, dill), ([33]), ([SZD and we have 



-R1313 + -R2323 — I-R1234I 

= ^1313 + ^2323 + ^ [^11^33 " (his)"^ + ^22^133 " 
a 

-1^1234 + ^(/ll3/i24 - ^14^23)1 

a 

> 2K^^ - ^(K^ax - Kr^n) -\Y1 [^^^l^f + 3(^f3)' + (^?4)' + {h 

a 

+ E [- ^^^^^ - ^^^^^ + -T„) + r„(/.^3 -T.) +rj 

a 
a 

> ^ (:^min - ^:^max) " ^ ^ [3(/^?3)' + 3(/i?3)' + {K,f + (k^,) 

a 

+2[Ric^i^ - (n - l)(K^ax + ^^'')] + 2/^2 

OJT^I ajV2 oj>^3 



a,j^l,3 o,j^2,3 
> ^ (^min - ^^max) + 2H^ + (n - 2) [Ric^in " (n - 1) (:^max + i^^)] • (3.9) 

Same argument implies that 

i?1414 + -R2424 — I-R1234I 
> I (^min - ^^max) + + (n - 2)[i?ic^i, - (n - + H% (3.10) 

This together with ()3.9p and the assumption imphes 

-R1313 + A^i?i4i4 + i?2323 + ^^-^2424 — 2Ai?i234 

> -R1313 + -^2323 — I-R1234I + A^(i?i4i4 + -^2424 — |-Rl234|) 

> 0. (3.11) 

It fohows from Theorem A that M is diffeomorphic to a spherical space form. In particu- 
lar, if M is simply connected, then M is diffeomorphic to S"". This completes the proof of 
Theorem 3.2. 

Theorem 3.3. Let M be an n(> 4) -dimensional compact submanifold in F'^^p{c) with 
c>0. If 

RicM > (n - 2)(1 + e„)(c + H^), 
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then M is diffeomorphic to S^. Here 




n-4 



for 4 < n < 6 
for n >7. 



Proof. When ra = 5, 6, it is well known that there is only one difFerentiable structure on 

S^. This together with Theorem 3.1 implies M is diffeomorphic to S^. When n ^ 5,6, it 
follows from Theorem 3.2 that M is diffeomorphic to a spherical space form. On the other 
hand, it follows from Lemma 2.1 that M is simply connected. Therefore, M is diffeomor- 
phic to 5". This completes the proof of Theorem 3.3. 

Remark 3.1. When 4 < n < 6, the pinching condition in Theorem 3.3 is sharp. When 
n > 7, we have < e„ < ^ and lim^^oo = 0. Therefore, the pinching condition in 
Theorem 3.3 is close to the best possible. 

Motivated by Theorem E and the sphere theorems above, we would like to propose the 
following conjecture. 

Conjecture. Let M be an n{> 3) -dimensional compact oriented submanifold in the space 



then M is diffeomorphic to either the standard n-sphere 5", the Clifford hypersurface 
S"'{^)xS"'{^) in 3"'+'^ withn = 2m, orCP^. In paHicular, if Ricm > {n-2){c+H^), 
then M is diffeomorphic to S'^. 

Theorems 3.2 and 3.3 provide partial affirmative answer to the Conjecture. 
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